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a b s t r a c t
Normal graphs can be considered as weaker perfect graphs in several ways. However, only
few graphs are known yet to be normal, apart from perfect graphs, odd holes, and odd
antiholes of length ≥ 9. Körner and de Simone [J. Körner, C. de Simone, On the odd cycles
of normal graphs, Discrete Appl. Math. 94 (1999) 161–169] conjectured that every
(C5, C7, C7)-free graph is normal. As there exist normal graphs containing C5, C7, or C7,
it is worth looking for other ways to construct or detect normal graphs. For that, we
treat the behavior of normal graphs under certain construction techniques (substitution,
composition, and clique identification), providing several ways to construct new normal
graphs from normal and even not normal ones, and consider the corresponding structural
decompositions (homogeneous sets, skew partitions, and clique cutsets). Our results imply
that normal graphs cannot be characterized bymeans of decomposition techniques as well
as by forbidden subgraphs.We address negative consequences for the algorithmic behavior
of normal graphs, reflected by the fact that neither the imperfection ratio can be bounded
for normal graphs nor a χ-binding function exists. The latter is even true for the class of
(C5, C7, C7)-free graphs and related classes. We conclude that normal graphs are indeed
only ‘‘normal’’.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
A graph G is called normal if G admits a clique coverQ and a stable set cover S s.t. every clique inQ intersects every stable
set in S. (A set is a clique (resp. stable) if its nodes are mutually adjacent (resp. non-adjacent).) Fig. 1 presents two normal
graphs (the bold edges indicate the clique covers, the labels the cross-intersecting stable set covers).
The interest in normal graphs is caused by the fact that they form a weaker variant of the well-known perfect graphs.
According to a recent characterization by Chudnovsky et al. [2], that are exactly the graphs without chordless odd cycles
C2k+1 with k ≥ 2, called odd holes, and their complements C2k+1, the odd antiholes, as induced subgraphs (Strong Perfect
Graph Theorem). The complement G has the same nodes as G and exactly the edgesmissing in G; Fig. 2 shows small examples
of odd (anti)holes.
An information-theoretic link between perfect and normal graphs has been established by means of graph entropy, see
e.g. [14]. The entropy of a graph G = (V , E)w.r.t. a probability distribution p on its node set is
H(G, p) = lim sup
k→∞
min
{
1
k
log2 χ(G
k[U]) : U ⊆ V (Gk),
∑
x∈U
pk(x) > 1− 
}
involving the chromatic number of co-normal products of certain subgraphs. The co-normal product G2 has V × V as node
set and {(a1, b1), (a2, b2) : (a1, a2) ∈ E or (b1, b2) ∈ E} as edge set. The most important property of the graph-entropy is its
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Fig. 1. Two normal graphs.
Fig. 2. Small odd holes and odd antiholes.
sub-additivity w.r.t. complementary graphs:
H(p) ≤ H(G, p)+ H(G, p) ∀p
where H(p) stands for the entropy of the complete graph, i.e., for the entropy of p itself. Körner raised the question for
which graphs G the minimum H(p) is attained, that means when equality holds rather than just sub-additivity. This is true
for at least one p > 0 if and only if G is normal [9], whereas equality holds for all p if and only if G is perfect [4]. Hence,
normal graphs form a superclass of perfect graphs by means of splitting graph-entropies. Even more, normal graphs built
the closure of perfect graphs by taking co-normal products: although all co-normal products of a graph G are perfect only if
G is the union of disjoint cliques [8], all co-normal products of normal (and, therefore, of perfect) graphs are normal [7].
Körner and de Simone [10] asked whether the similarity of the two classes is also reflected in terms of forbidden
subgraphs. Körner [7] showed that an odd hole C2k+1 or an odd antihole C2k+1 is normal iff k ≥ 4. In particular, C5 and
C7 are not normal, and so neither C7 is. These three graphs are even minimally not normal since all of their proper induced
subgraphs are perfect and, hence, normal. Körner and de Simone conjectured that there are no other minimally not normal
graphs:
Conjecture 1 (Normal Graph Conjecture [10]). All graphs without a C5, C7, or C7 as induced subgraph are normal.
This conjecture claims a sufficient condition for normality (as the non-existence of C5, C7, and C7 in a graph is not
necessary, see Fig. 1) and a characterization for the hereditary core of the normal graphs.
At present, not many graphs are known to be normal apart from perfect graphs and odd (anti)holes of length ≥ 9.
In [15] the normal circulants have been characterized, thereby verifying the Normal Graph Conjecture for this first
graph class. In this paper, we discuss ways to construct normal graphs outgoing from normal and even not normal
ones via substitution, composition, and clique identification (Section 2) and consider decomposition techniques along the
corresponding structures: homogeneous set, skew partition, and clique cutset (Section 3).
Our results imply that normal graphs cannot be characterized by means of decomposition techniques or forbidden
subgraphs (Section 4). Moreover, we address negative consequences for the algorithmic behavior of normal graphs and
bounds for certain graph parameters. The latter is also true for the class of (C5, C7, C7)-free graphs and related classes. We
conclude that normal graphs are indeed only ‘‘normal’’.
2. Constructing normal graphs
As observed above, the class of normal graphs is closed under taking co-normal products [7], thus taking co-normal
products of known normal graphs is a way to obtain new normal graphs. The aim of this section is to discuss further
construction techniques.
The classes of perfect and normal graphs are closed under taking disjoint unions and complete joins; both classes are
closed under complementation (by definition and Lovász [12]). Furthermore, both perfection and normality are closed under
substitution (by Lovász [12] and Körner, Simonyi, and Tuza [11]). Let v be a node of a graph G1 then substituting v by another
graph G2 means to delete v and to join every node in the neighborhood N(v) of v in G1 with every node of G2. (Both graphs
G1 and G2 are supposed to be non-empty; if v has no neighbors (resp. no non-neighbors) in G1 then the resulting graph is the
disjoint union (resp. the complete join) of G1−v and G2.) If G1 and G2 are two graphs, then substituting G2 for all nodes of G1
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Fig. 3. Composing two graphs.
yields their lexicographic product G1 × G2. Thus, perfect and normal graphs are closed under taking lexicographic products
as well.
We check for two further well-known perfection preserving graph transformations, composition or 1-join [1] and clique
identification [3], whether they also preserve normality. Composing two disjoint graphs G1 and G2 w.r.t. two nodes v1 and v2
means to delete v1 and v2 and to join every neighbor of v1 in G1 with every neighbor of v2 in G2 and every neighbor of v2 in
G2 with every neighbor of v1 in G1 (see the composition of two 7-holes w.r.t. the black-filled nodes in Fig. 3). We say that G
arises by identification of two disjoint graphs G1 and G2 in a clique if there are cliques Q1 ⊆ G1 and Q2 ⊆ G2 with |Q1| = |Q2|
and a bijection φ : Q1 → Q2 identifying every node v ∈ Q1 with φ(v) ∈ Q2 The two graphs in Fig. 1 are constructed by
identifying a C5 and C7 with two edges and one edge, respectively, in the grey nodes.
The canonical technique to show normality for a graph G obtained in one of these ways is to construct a clique cover
and a cross-intersecting stable set cover of G outgoing from the corresponding covers of its building blocks G1 and G2. We
present several suchways to construct newnormal graphs from normal ones. In addition, there exist normal graphs obtained
by composition or clique identification where one or even both of the building blocks are non-normal. We show that this
cannot happen by applying substitutions or taking lexicographic products. Finally, we provide a technique that allows us to
construct normal graphs from arbitrary ones.
We call a clique coverQ (resp. stable set cover S) of a graph G valid if there exists a cross-intersecting stable set cover S
(resp. clique coverQ) and say that (Q, S) is a valid pair of G.
2.1. Substitution and normal graphs
The result of Körner, Simonyi, and Tuza [11] implies that the normality of both building blocks is sufficient for the
normality of the resulting graph. We establish that it is, in addition, also a necessary condition.
Lemma 2. A graph G obtained by substituting a node v of a graph G1 by G2 is normal only if G1 and G2 are normal.
Proof. Let G = (V , E) be obtained by substituting a node v of a graph G1 = (V1, E1) by G2 = (V2, E2). We have a partition
V1 = {v} ∪ N1 ∪ N1, where N1 (resp. N1) stands for the set of all neighbors (resp. non-neighbors) of v. Thus, we have a
partition V = N1 ∪ N1 ∪ V2 and can assume that all three parts are nonempty (V2 is clearly nonempty, if N1 resp. N1 is not
we had the trivial case of a disjoint union resp. a complete join).
We construct, outgoing from a valid pair (Q, S) of G, valid pairs (Qi, Si) of Gi for i = 1, 2. Clearly, there is a partition
Q = Q′ ∪Q′′ with
Q′ = {Q ′ ∈ Q : Q ′ ⊆ (N1 ∪ N1)}
Q′′ = {Q ′′ ∈ Q : Q ′′ ⊆ (N1 ∪ V2)}
and a partition S = S′ ∪ S′′ into
S′ = {S ′ ∈ S : S ′ ⊆ (N1 ∪ N1)}
S′′ = {S ′′ ∈ S : S ′′ ⊆ (V2 ∪ N1)}.
We construct the following set families
Q1 = {Q ′ : Q ′ ∈ Q′} ∪ {(Q ′′ \ V2) ∪ {v} : Q ′′ ∈ Q′′}
S1 = {S ′ : S ′ ∈ S′} ∪ {(S ′′ \ V2) ∪ {v} : S ′′ ∈ S′′}
Q2 = {(Q ′′ ∩ V2) : Q ′′ ∈ Q′′}
S2 = {(S ′′ ∩ V2) : S ′′ ∈ S′′}
(and possibly remove sets from the families which are properly contained in another member of the same family). By
construction, Q1 and Q2 are clearly families of cliques and cover all nodes of G1 and G2, respectively, as Q covers all nodes
of G. Similarly, S1 and S2 are stable set covers of G1 and G2, respectively. It remains to show that they are cross-intersecting.
The families Q1 and S1 form a valid pair of G1: Obviously, Q ′ ∈ Q′ and S ′ ∈ S′ have a nonempty intersection. Q ′ and
S ′′ ∈ S′′ meet in a node from N1, hence Q ′ and (S ′′ \ V2) ∪ {v} intersect. Analogously, Q ′′ ∈ Q′′ and S ′ meet in a node from
N1, thus (Q ′′ \ V2) ∪ {v} and S ′ share a node, too. Finally, (Q ′′ \ V2) ∪ {v} and (S ′′ \ V2) ∪ {v} have the node v in common.
The familiesQ2 and S2 form a valid pair of G2: as Q ′′ ∈ Q′′ and S ′′ ∈ S′′ meet in a node from V2, Q ′′ ∩ V2 and S ′′ ∩ V2 still
have a nonempty intersection.
This implies that G1 and G2 are normal whenever G is. 
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Consequently, we obtain the following:
Theorem 3. A graph G obtained by substituting a node of a graph G1 by G2 is normal if and only if G1 and G2 are normal.
Corollary 4. Any lexicographic product of two graphs G1 and G2 is normal if and only if G1 and G2 are normal.
2.2. Composition and normal graphs
We first prove that normality is closed under composition.
Lemma 5. A graph G obtained by composing two normal graphs G1 and G2 w.r.t. the nodes v1 and v2 is normal.
Proof. Assume that neither v1 nor v2 is an isolated or a universal node (for otherwise, G is either the disjoint union or the
complete join of two building blocks). Consider valid pairs of cross-intersecting clique and stable set coversQ(Gi) and S(Gi)
of Gi for i = 1, 2. We can partition these covers according to their intersection with vi into the (nonempty) sets
Q0(Gi) = {Q ∈ Q(Gi) : vi 6∈ Q }
Qi(Gi) = {Q ∈ Q(Gi) : vi ∈ Q }
and
S0(Gi) = {S ∈ S(Gi) : vi 6∈ S}
Si(Gi) = {S ∈ S(Gi) : vi ∈ S}
and construct the following set families for the graph G:
Q(G) = Q0(G1) ∪Q0(G2) ∪ {(Q1 − v1) ∪ (Q2 − v2) : Qi ∈ Qi(Gi)}
and
S(G) = {(S1 − v1) ∪ S2 : S1 ∈ S1(G1), S2 ∈ S0(G2)} ∪ {S1 ∪ (S2 − v2) : S1 ∈ S0(G1), S2 ∈ S2(G2)}.
Obviously, Q(G) is a clique cover of G. By construction, the sets contained in S(G) are stable and cover G as well. The two
familiesQ(G) and S(G) are cross-intersecting due to the following reason:Q1 ∈ Q0(G1) intersects anymember (S1−v1)∪S2
and S1 ∪ (S2− v2) of S(G) in S1; by symmetry, the same is true for any Q2 ∈ Q0(G2). (Q1− v1)∪ (Q2− v2)with Qi ∈ Qi(Gi)
intersects (S1 − v1) ∪ S2 and S1 ∪ (S2 − v2) of S(G) in S2 and S1, respectively.
Hence, (Q(G), S(G)) is a valid pair of G. 
Thus, the normality of the building blocks is sufficient for the normality of the resulting graph. In contrast to the case of
substitution this is, however, not a necessary condition. Fig. 3 shows that composing two non-normal graphs, namely two
7-holes, can yield a normal graph (take the bold edges as clique cover and four stable sets of the form indicated by the grey
nodes). However, the building blocks in this example are not too far away from being normal: they are graphs G such that
G has a stable set cover S, G− v has a clique coverQv , for some node v, and S andQv are cross-intersecting. We call such a
graph G almost normal, (Qv, S) an almost valid pair of G, and v an unnormal node of G. This weaker form of normality suffices
for constructing a normal graph by composition as well.
Lemma 6. A graph G obtained by composing two almost normal graphs G1 and G2 w.r.t. two unnormal nodes v1 and v2 is normal.
Proof. Assume that neither v1 nor v2 is an isolated or a universal node (for otherwise,G is a disjoint union or a complete join).
Consider almost valid pairsQvi(Gi) and S(Gi) of Gi for i = 1, 2. Partition the stable set covers according to their intersection
with vi into the (nonempty) sets
S0(Gi) = {S ∈ S(Gi) : vi 6∈ S}
Si(Gi) = {S ∈ S(Gi) : vi ∈ S}
and construct the following set families for the graph G:
Q(G) = Qv1(G1) ∪Qv2(G2)
and
S(G) = {(S1 − v1) ∪ S2 : S1 ∈ S1(G1), S2 ∈ S0(G2)} ∪ {S1 ∪ (S2 − v2) : S1 ∈ S0(G1), S2 ∈ S2(G2)}.
Obviously, Q(G) is a clique cover of G. By construction, the sets in S(G) are stable and cover G as well. The two families
Q(G) and S(G) are cross-intersecting due to the following reason: Q1 ∈ Qv1(G1) intersects any member (S1 − v1) ∪ S2 and
S1 ∪ (S2− v2) of S(G) in S1; by symmetry, the same is true for any Q2 ∈ Qv2(G2). Thus, (Q(G), S(G)) is a valid pair of G. 
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There are no further ways to construct normal graphs by composition:
Lemma 7. Let G be a normal graph obtained by composing two graphs G1 and G2 w.r.t. the nodes v1 and v2.
(1) If G admits a valid pair (Q, S) such that Q contains a clique meeting neighbors of both v1 and v2, then G1 and G2 are normal;
(2) If G admits a valid pair (Q, S) such that Q contains no clique meeting neighbors of both v1 and v2, then G1 and G2 are almost
normal with unnormal nodes v1 and v2.
Proof. Consider a graph G = (V , E) obtained by composing two graphs G1 = (V1, E1) and G2 = (V2, E2)w.r.t. nodes v1 and
v2. We have a partition Vi = {vi}∪Ni∪N i, where Ni stands for the set of all neighbors and N i for the set of all non-neighbors
of vi for i = 1, 2. Thus, V partitions as V = N1 ∪ N1 ∪ N2 ∪ N2 and we can assume that all four parts are nonempty. For a
valid pair (Q, S) of G, there are partitionsQ = Q′ ∪Q′′ ∪Q′′′ with
Q′ = {Q ′ ∈ Q : Q ′ ⊆ (N1 ∪ N1)}
Q′′ = {Q ′′ ∈ Q : Q ′′ ⊆ (N1 ∪ N2)}
Q′′′ = {Q ′′′ ∈ Q : Q ′′′ ⊆ (N2 ∪ N2)}
and S = S′ ∪ S′′ with
S′ = {S ′ ∈ S : S ′ ⊆ (N1 ∪ N1 ∪ N2)}
S′′ = {S ′′ ∈ S : S ′′ ⊆ (N1 ∪ N2 ∪ N2)}.
As bothQ and S cover G, the setsQ′,Q′′′, S′, and S′′ are non-empty. We distinguish between the two cases thatQ′′ is empty
or not and construct, outgoing from (Q, S), valid or almost valid pairs (Qi, Si) of Gi for i = 1, 2.
Claim 1. If Q′′ is non-empty then G1 and G2 are normal.
We construct the following set families
Q1 = {Q ′ : Q ′ ∈ Q′} ∪ {(Q ′′ \ N2) ∪ {v1} : Q ′′ ∈ Q′′}
S1 = {(S ′ \ N2) : S ′ ∈ S′} ∪ {(S ′′ \ V2) ∪ {v1} : S ′′ ∈ S′′}
and, symmetrically,Q2 and S2 usingQ′′′ instead ofQ′ for the construction (possibly, we have to remove sets in case of proper
containment). By construction,Q1 andQ2 are families of cliques and cover all nodes of G1 and G2, respectively, asQ covers
all nodes of G and v1 and v2 are added. Similarly, S1 and S2 are stable set covers of G1 and G2, resp. It remains to show that
they are cross-intersecting. The families Q1 and S1 form indeed a valid pair of G1 due to the following reason. The sets Q ′
and S ′ intersect in a node from V1, thus Q ′ and S ′ \ V2 still share a node. Q ′ and S ′′ meet in a node from N1, hence Q ′ and
S ′′ \ V2 still intersect. Q ′′ and S ′ have a node from N1 in common, this part remains unchanged in Q ′′ \ V2 and S ′ \ V2. The
sets (Q ′′ \ N2) ∪ {v1} and (S ′′ \ V2) ∪ {v1} clearly intersect in v1. Analogously,Q2 and S2 form a valid pair of G2.
This implies that G1 and G2 are normal ifQ′′ is non-empty. 
Claim 2. If Q′′ is empty then G1 and G2 are almost normal with unnormal nodes v1 and v2.
Here, we construct the following set families
Q1 = {Q ′ : Q ′ ∈ Q′}
S1 = {(S ′ \ N2) : S ′ ∈ S′} ∪ {(S ′′ \ V2) ∪ {v1} : S ′′ ∈ S′′}
and, symmetrically,Q2 and S2 (and possibly remove stable sets in case of proper containment). Note that we cannot create
a clique outgoing from cliques inQ that contains v1 or v2.
Thus, Q1 and Q2 are families of cliques covering all nodes of G1 and G2, respectively, but v1 and v2. As before, S1 and S2
are stable set covers of G1 and G2, respectively.
Moreover,Qi and Si are clearly cross-intersecting for i = 1, 2. The sets Q ′ and S ′ intersect in a node from V1, thus Q ′ and
S ′ \ V2 still share a node. Q ′ and S ′′ meet in a node from N1, hence Q ′ and S ′′ \ V2 still intersect. Thus, Q1 and S1 form an
almost valid pair of G1; analogously, the same is true forQ2 and S2 in G2.
Hence G1 and G2 are almost normal with unnormal nodes v1 and v2. 
The above results finally imply the following characterization:
Theorem 8. Let G be obtained by composing G1 and G2 w.r.t. the nodes v1 and v2. G is normal if and only if one of the following
conditions is satisfied:
(1) G1 and G2 are normal;
(2) G1 and G2 are almost normal with unnormal nodes v1 and v2.
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Fig. 4. Identifying two non-normal graphs in an edge.
2.3. Clique identification and normal graphs
Clique identification is a further perfection preserving graph transformation and one might expect that also normality
is closed under clique identification. Particularly, a valid pair of a graph G obtained by identifying G1 and G2 in a clique Q ∗
should be constructable from valid pairs (Q(Gi), S(Gi)) of its building blocks by choosingQ(G) = Q(G1) ∪Q(G2) as clique
cover and combining the stable sets Si ∈ S(Gi) according to their intersection with the common clique Q ∗, i.e.,
S(G) = {S1 ∪ S2 : Si ∈ S(Gi), S1 ∩ Q ∗ = S2 ∩ Q ∗}
to obtain a cross-intersecting stable set cover. However, this construction works only if S(G1) and S(G2) either both contain
a stable set avoiding Q ∗ or both contain only stable sets meeting Q ∗, which is not always the case.
Furthermore, it is possible to create normal graphs by identifying two not necessarily normal graphs in a clique. The two
graphs in Fig. 1 are examples for such normal graphs, Fig. 4 shows how a normal graph can be obtained by identifying two
non-normal graphs in an edge (the bold edges indicate the cliques, the labels the stable sets).
Looking at the above construction and the latter examples, it is not required that both clique families cover all nodes ofG1
and G2, but it suffices that the nodes in the common clique Q ∗ are covered in one of the two building blocks. Let G be a graph
such that G has a stable set cover S, G− Q ′ has a clique coverQQ ′ , for some clique Q ′, and S andQQ ′ are cross-intersecting.
We call such a graph G nearly normal, (QQ ′ , S) a nearly valid pair of G, and Q ′ an unnormal clique of G (a nearly normal graph
is normal (resp. almost normal) if its unnormal clique is empty (resp. is one node)). This weaker form of normality suffices
to construct normal graphs by clique identification, provided the involved stable set covers are suitable:
Lemma 9. Let G be obtained by identifying two nearly normal graphs G1 and G2 in a clique Q ∗ and let Q1,Q2 ⊆ Q ∗ be disjoint
unnormal cliques. The resulting graph G is normal if there exist nearly valid pairs (QQi(Gi), S(Gi)) for i = 1, 2 satisfying at least
one of the following conditions.
(1) S(Gi) contains a stable set S with S ∩ Q ∗ = ∅ for i = 1, 2;
(2) S(Gi) contains no stable set S with S ∩ Q ∗ = ∅ for i = 1, 2;
(3) S(G1) contains a stable set S with S ∩ Q ∗ = ∅ but S(G2) does not, and Q1 is non-empty (or vice versa).
Proof. Consider nearly valid pairs (QQi(Gi), S(Gi)) of Gi for i = 1, 2. Let Q(G) = QQ1(G1) ∪ QQ2(G2) (with possibly
removing cliques properly contained in another one). Q(G) is a clique cover of G as all nodes of G outside Q ∗ are covered
in the respective building block and the nodes in Q ∗ are covered at least once since the unnormal cliques Q1,Q2 ⊆ Q ∗
are disjoint. Let Q ∗ = {v1, . . . , vk} and partition the stable set covers according to their intersection with Q ∗ as S(Gi) =
S0(Gi) ∪ S1(Gi) ∪ . . . ∪ Sk(Gi)where
S0(Gi) = {S ∈ S(Gi) : S ∩ Q ∗ = ∅}
Sj(Gi) = {S ∈ S(Gi) : S ∩ Q ∗ = {vj}}
holds. We are going to construct a stable set cover
S(G) = S0(G) ∪ S1(G) ∪ . . . ∪ Sk(G)
of G cross-intersectingQ(G) if one of the above conditions is satisfied. Let
Sj(G) = {S1 ∪ S2 : Si ∈ Sj(Gi)}
for any 1 ≤ j ≤ k. The sets Sj(G) are clearly families of stable sets. It is easy to see that every clique Q ∈ Q(G) intersects
every such stable set: S is the union of two stable sets S1 ∪ S2 and either Q ∩ S1 6= ∅ if Q comes fromQQ1(G1) or otherwise
Q ∩ S2 6= ∅. It is only left to treat the family S0(G).
Claim 1. If S0(G1) and S0(G2) are either both empty or both non-empty, then G admits a valid pair (Q(G), S(G)).
If both sets S0(Gi) are empty, there is nothing to prove. If both sets S0(Gi) are non-empty, let S0(G) = {S1 ∪ S2 :
Si ∈ S0(Gi)}. By construction, the sets in S0(G) are stable and S(G) covers G. The two families Q(G) and S0(G) are cross-
intersecting by the same argumentation as above. 
Thus, we are done if one of the conditions (1) or (2) is satisfied. It remains to treat the case when exactly one of the sets
S0(Gi) is empty.
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Claim 2. If S0(G1) = ∅ and S0(G2) 6= ∅, then G admits a valid pair (Q(G), S(G)), provided Q1 6= ∅.
Consider a node vj ∈ Q1. Let S∗ = S \ {vj} for some S ∈ Sj(G1) and S0(G) = {S∗ ∪ S2 : S2 ∈ S0(G2)}. By construction,
the sets in S0(G) are stable and S(G) covers G. The two families Q(G) and S0(G) are cross-intersecting as S∗ still meets all
cliques inQQ1(G1) (since vj is not covered by any clique inQQ1(G1)) and S2 clearly meets every clique inQQ2(G2). 
Thus, G also admits a valid pair if condition (3) is satisfied. 
It is not clear yetwhether these sufficient conditions are also necessary. As condition (1) is satisfied ifQ ∗ is a non-maximal
clique in Gi for i = 1, 2, the class of normal graphs is closed under identifying two graphs in non-maximal cliques, but no
proof is known yet that clique identification preserves normality in general. However, the (nearly) normality of the building
blocks is required if the resulting graph is supposed to be normal.
Lemma 10. Let G be a normal graph obtained by identifying two graphs G1 and G2 in a clique Q ∗.
(1) If G admits a valid pair (Q, S) such that S contains no stable set avoiding Q ∗, then G1 and G2 are normal;
(2) If G admits a valid pair (Q, S) such that S contains a stable set avoiding Q ∗, then G1 and G2 are nearly normal with unnormal
cliques Q ∗1 and Q
∗
2 such that Q
∗
i ⊆ Q ∗ and Q ∗1 ∩ Q ∗2 = ∅.
Proof. Consider a graph G = (V , E) obtained by identifying G1 = (V1, E1) and G2 = (V2, E2) in a clique Q ∗. Let V ′i = Vi \Q ∗,
then V partitions as V = V ′1 ∪ Q ∗ ∪ V ′2 and we can assume that all parts are nonempty. Consider a valid pair (Q, S) of G.
Clearly,Q partitions in the following three subsets
Q1 = {Q ∈ Q : Q ⊆ (V ′1 ∪ Q ∗)}
Q∗ = {Q ∈ Q : Q ⊆ Q ∗}
Q2 = {Q ∈ Q : Q ⊆ (Q ∗ ∪ V ′2)}
and S partitions in the following subsets
S0 = {S ∈ S : S ∩ Q ∗ = ∅}
Si = {S ∈ S : S ∩ Q ∗ = {vi}}
for i = 1, . . . , kwhere Q ∗ = {v1, . . . , vk}. As bothQ and S cover G, the setsQ1,Q2, and Si for i = 1, . . . , k are non-empty,
Q∗ is either empty or consists in the clique Q ∗ only. In the latter case S0 has to be empty due to cross-intersection. We
distinguish between the remaining three cases for the two subfamilies Q∗ and S0 according to their (non-)emptiness. Our
goal is to construct, outgoing from (Q, S), valid or nearly valid pairs (Qi, Si) of Gi for i = 1, 2.
Claim 1. If S0 = ∅, then there exist valid pairs (Q(Gi), S(Gi)) for i = 1, 2.
LetQ(Gi) = Qi ∪ Q ∗ and S(Gi) = {S ∈ S : S \ V ′j }with j ∈ ({1, 2} \ {i}). By construction,Q(Gi) is a family of cliques and
S(Gi) a family of stable sets both covering Gi for i = 1, 2. Every stable set in S(Gi) intersects every clique inQi (as (Q, S) is a
valid pair) and Q ∗ (by our assumption S0 = ∅). (Note: we do not need to distinguish whether Q ∗ belongs toQ or not). 
Claim 2. If S0 6= ∅, then there exist nearly valid pairs of Gi for i = 1, 2 and disjoint unnormal cliques Q ∗1 ,Q ∗2 ⊆ Q ∗.
Recall thatQ∗ = ∅ holds in this case. LetQ(Gi) = Qi and S(Gi) = {S ∈ S : S \ V ′j }with j ∈ ({1, 2} \ {i}). By construction,
S(Gi) is a family of stable sets covering Gi and meeting every clique in Q(Gi) for i = 1, 2. However, due to Q ∗ 6∈ Q(Gi) we
cannot guarantee thatQ(Gi) covers Gi for i = 1, 2 as well. More precisely,Q(Gi) certainly covers all nodes in V ′i , but avoids
possibly some nodes in Q ∗i ⊆ Q ∗. The two cliques Q ∗1 and Q ∗2 cannot have a node in common, otherwiseQwould not cover
such a node either. Hence, (Q(Gi), S(Gi)) are the studied nearly valid pairs of Gi for i = 1, 2. 
2.4. Constructing normal graphs from arbitrary graphs
We can even construct normal graphs from arbitrary ones:
Theorem 11. For any graph G, there is a normal graph G∗ containing G as induced subgraph.
Proof. Consider a graph G, a clique partition Q(G) = {Q1, . . . ,Qk}, and a coloring S(G) = {S1, . . . , Sl}. (The gray-filled
ellipses in Fig. 5 stand for the cliques in Q(G), where the grey nodes represent a stable set in S(G).) We construct a graph
G∗ containing G as induced subgraph by adding, for each clique Qi ∈ Q(G), a new node vi and joining vi to exactly the
nodes in Qi. Then Q(G∗) = {Qi ∪ vi : Qi ∈ Q(G)} is obviously a clique partition of G∗, see Fig. 5. We obtain a cross-
intersecting stable set cover S(G∗) by extending each stable set Si ∈ S(G) by those nodes vj with Si ∩ Qj = ∅, i.e., by
constructing S∗i := Si ∪
⋃
Si∩Qj=∅ vj, see Fig. 5 again. These sets S
∗
i are obviously stable and intersect all cliques in Q(G
∗).
Finally, S(G∗) = {S∗1 , . . . , S∗l } ∪ {v1, . . . , vk} covers all nodes of G∗. Hence, G∗ admits the valid pair (Q(G∗), S(G∗)) and is,
therefore, normal. 
This result shows that normal graphs are universal as any graph can occur as induced subgraph of a normal graph, and
provides us even a normalization technique as the proof is constructive.
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Fig. 5. Constructing a normal graph G∗ from an arbitrary graph G.
3. Decomposing normal graphs
In this section we present consequences of the previous results for decomposing normal graphs alongside three
structures: homogeneous sets, skew partitions, and clique cutsets.
Any graph G obtained by substituting a node v in G1 by a graph G2 = (V2, E2) has a partition of its node set V (G) =
N1 ∪N1 ∪ V2, where N1 and N1 consist of all neighbors and non-neighbors of v, respectively, N1 and V2 are totally joined, N1
and V2 are totally unjoined. If all three subsets are nonempty and V2 has at least two nodes, we say that V2 is a homogeneous
set of G and that G can be decomposed into two blocks: the minor G1 obtained by contracting V2 to a single node and the
subgraph G2 induced by all nodes in V2. Thus, we obtain as consequence of Theorem 3:
Corollary 12. A graph with homogeneous set is normal if and only if its blocks are both normal.
A graph G obtained by composing two graphs G1 and G2 w.r.t. nodes v1 and v2 has a partition of its node set into the four
subsets N1,N1,N2,N2 where Ni and N i stand for the neighbors and non-neighbors of vi, resp., for i = 1, 2. This is a skew
partition sinceN1 andN2 are totally joinedwhileN1 andN2 are totally unjoined.We call a skew partition proper if in addition
also N1 and N2 as well as N1 and N2 are totally unjoined. We can decompose G into two blocks: the minors G1 induced by
N1,N1 where N2 is contracted to a single node and G2 induced by N2,N2 where N1 is contracted to a single node. Hence,
Theorem 8 implies:
Corollary 13. A graphwith a proper skew partition is normal if and only if its blocks are either both normal or both almost normal.
If G is obtained by identifying two graphs G1 = (V1, E1), G2 = (V2, E2) in a clique Q , the nodes of G can be partitioned
into three subsets V ′1, V
′
2,Q such that V
′
1 = V1 \ Q and V ′2 = V2 \ Q are totally unjoined. G has Q as clique cutset and can be
decomposed into two blocks, namely the subgraphs Gi induced by V ′i and Q for i = 1, 2. Thus, a consequence of Lemma 10
is:
Corollary 14. A graph with a clique cutset Q is normal only if its blocks are both normal or both nearly normal with disjoint
unnormal cliques⊆ Q .
4. Normal graphs are indeed only ‘‘normal’’
This section presents some negative consequences from the above results, indicating that normal graphs are neither close
to nor as rich as perfect graphs, but indeed only ‘‘normal’’.
The results from Section 2 show that there is no chance to characterize normal graphs in a constructive way, by gluing
together certain building blocks, as we can use non-normal building blocks. Similarly, we cannot expect to characterize
normal graphs by decomposition techniques, as Section 3 shows the existence of non-normal blocks if a normal graph has a
(proper) skew partition or a clique cutset. In addition, Theorem 11 implies:
Corollary 15. Normal graphs cannot be characterized by forbidden subgraphs.
In this sense, the class of normal graphs is very far fromperfect graphs. Another consequence of Theorem11 is that normal
graphs can contain arbitrarily ‘‘bad’’ graphs as induced subgraphs. Thus, we cannot expect a better algorithmic behavior of
normal graphs than that of general graphs. Moreover, we also cannot expect to find for normal graphs as good bounds
for certain interesting graph parameters as for perfect graphs. This is, e.g, reflected by means of χ-binding functions, the
imperfection ratio, and even splitting graph-entropies, as shown in the sequel.
The clique number ω(G) is a trivial lower bound for the chromatic number χ(G); this bound can be arbitrarily bad due
to Mycielski [13] who constructed a famous series of graphs G0,G1,G2, . . . with ω(Gi) = 2 for all i ≥ 0 but χ(Gi) = 2 + i.
This motivated Gyárfás [6] to introduce a concept using functions in ω(G) as upper bound on χ(G): A class G of graphs is
called χ-bound with χ-binding function b if χ(G′) ≤ b(ω(G′)) holds for all induced subgraphs G′ of G ∈ G. According to
Theorem 11 we can construct a series of normal graphs G∗0,G
∗
1,G
∗
2, . . . containing all Mycielski graphs with ω(G
∗
i ) = 3 for
all i ≥ 0 and χ(G∗i ) = 3+ i→∞ for i→∞which implies:
Corollary 16. There is no χ-binding function for the class of normal graphs.
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Gerke and McDiarmid [5] introduced the imperfection ratio as
imp(G) = max
c
{
χf (G, c)
ω(G, c)
}
taken over all positive integer weights c : V (G) → N \ {0}, where χf (G, c) stands for the fractional weighted chromatic
number and ω(G, c) for the weighted clique number (thus, the imperfection ratio is some asymptotic slope of a χ-binding
function). Simonyi [14] established the following link between the imperfection ratio and the graph entropy
log2 imp(G) = max{H(p)− H(G, p)− H(G, p) : p}
for any graph G. Thus, any perfect graph G has imp(G) = 1 and one might expect that normal graphs have an imperfection
ratio close to 1. However, this is not true due to the following reason. Gerke and McDiarmid [5] studied the behavior of the
imperfection ratio under taking lexicographic products G×H and showed that imp(G×H) = imp(G) · imp(H) holds. Thus,
the imperfection ratio cannot be bounded for any class G of graphs which is closed under substitution (and, therefore, under
taking lexicographic products) and contains at least one imperfect graph G as imp(Gi) → ∞ for i → ∞ if imp(G) > 1
(where Gi stands for G× · · · × G, i times). As normal graphs are closed under substitution, this implies the following.
Corollary 17. The imperfection ratio cannot be bounded for the class of normal graphs.
This shows in particular the existence of normal graphs Gwhere the difference between the two values
max{H(p)− H(G, p)− H(G, p) : p > 0}
and
0 = min{H(p)− H(G, p)− H(G, p) : p > 0}
tends to infinity. One might expect that we can do better for the class of (C5, C7, C7)-free graphs, i.e., for the hereditary core
of the class of normal graphs, provided the Normal Graph Conjecture is true. This is, however, also not the case.
It is easy to see that the class of (C5, C7, C7)-free graphs is closed under substitution and, therefore, under taking
lexicographic products and replication as well (the latter is substituting cliques for nodes). As this class contains imperfect
graphs, the above argumentation shows:
Corollary 18. The imperfection ratio cannot be bounded for the class of (C5, C7, C7)-free graphs.
We develop a sufficient condition for the non-existence of χ-binding functions for certain graph classes, including the
(C5, C7, C7)-free graphs, outgoing from the imperfection ratio. Let imp(G) = sup{imp(G) : G ∈ G} stand for the supremum
of the imperfection ratio of a graph in a class G. We call a graph class G simple if it suffices to consider the unweighted
versions of χf (G, c) and ω(G, c) in order to determine imp(G), that is if
imp(G) = max
{
χf (G)
ω(G)
: G ∈ G
}
holds. Triangle-free graphs form a simple class [5], and all graph classes Gwhich are closed under replication are simple as
well (as replicating every node vi of a graph in G by a clique of size ci yields a graph in G again). We obtain particularly for
simple classes with unbounded imperfection ratio:
Observation 19. If G is a simple class with imp(G) = ∞, then G has no linear χ-binding function.
The reason is that, for every integer k ≥ 0, there is a graph Gk ∈ Gwith
k <
χf (Gk)
ω(Gk)
≤ χ(Gk)
ω(Gk)
and, thus, kω(Gk) < χ(Gk) follows. Gyárfás [6] proved further that the complementary class of G can have a χ-binding
function (i.e., a complementary binding-function for G) only if G has a linear χ-binding function b(x) = x + a. Combining
our observation with this condition, we conclude:
Corollary 20. If G is a simple class with imp(G) = ∞, then G has no complementary binding-function. If G is in addition self-
complementary, then G does not have a binding-function at all.
The class of (C5, C7, C7)-free graphs satisfies all those conditions: it is simple (as it is closed under substitution), it has an
unbounded imperfection ratio (Corollary 18), and it is self-complementary. Thus, we finally obtain:
Corollary 21. There is no χ-binding function for the class of (C5, C7, C7)-free graphs.
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Thus, the validity of the Normal Graph Conjecture would certainly provide us a sufficient condition for normality and
characterize the hereditary core of the normal graphs, but we cannot even expect nice properties of this special subclass of
normal graphs. As a consequence, we conclude that neither normal nor (C5, C7, C7)-free graphs are as close to perfect graphs
as expected–even not in the information-theoretic context of splitting graph-entropies, since for a normal graph G the value
H(p)− H(G, p)− H(G, p)
strongly depends on the probability distribution p. On the contrary, we suggest considering graph classes G as close to
perfection by means of splitting entropies if there is a small upper bound u for imp(G) since
0 ≤ H(p)− H(G, p)− H(G, p) ≤ log2 u
holds for all (normal and non-normal) graphs G ∈ G and for all p.
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